Models

Most electronic devices and circuits are complicated. To get to the main ideas, we often
idealize; this means stripping away all unnecessary details. These idealized circuits
“‘model” or represent the behavior of real devices.

The models should be accurate enough to represent the essential features of device and
circuit performance, yet simple enough to permit rapid analysis and to enhance our
understanding of system performance. If the model is too simple, it will fail to portray
essential issues. If the model is too detailed, unnecessarily calculations may obscure
understanding of the essential issues.

A model is a group of connected “circuit elements” that can replace the modeled device (or
circuit). Circuit elements are described by linear and simpler relation between voltage and
current such are resistance, capacitance, inductance and ideal sources.
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Figure — Symbols utilized in the electrical schematics for: resistors, capacitors, inductors, the ideal
voltage and current sources.

Resistance

The ideal resistor is a linear element characterized by Ohm's law:
v=i-R (ori=v-G).
R is the resistance of the element and G is the conductance.
The plot of v-i characteristic for the ideal resistor is a strait line through the origin with the
slope 1/R.The resistance is a dissipative element, it dissipate a power:
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Ideal independent sources

An ideal “voltage source” is an element that fixes the voltage between its terminals
regardless of the size or direction of the current flowing through the source. The current
drawn from the source depends on the external circuitry (for a resistor R connected at the
source terminals the current can be computed by Ohm’s law: i =v/R).

An ideal “current source” is an element that maintains a fixed current regardless of the
voltage between its terminals. The voltage between the source terminals depends on the
external circuitry (for a resistor R connected at the source terminals the voltage can be
computed by Ohm's law: v=i-R).

Basic network configurations — Linear resistive networks

Resistors in series
We will analyze a voltage source in series with two resistors (schematics in the next figure).
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Vs V1 vy | $R2 The output voltage v is a part of the source
voltage vs, that depends on the resistors ratio.

The circuit will be analyzed with the Kirchhoff and Ohm’s laws. The Kirchhoff current law
(KCL) gives same current in a circuit without ramifications: i1 =i;=1.
The Kirchhoff voltage law (KVL) can be expressed in the “gravitational” form (from top to
bottom in a schematic); in our circuit the source voltage is over the two resistors:

vs
Rl +R2
The voltage drop over each resistance was replaced according to Ohm's law and the
current in the circuit was computed. The current is the same that the current in a single
resistor with a value R+ R,. A first conclusion is that the resistances in series add.

Once the current flowing in the resistances is known, the voltage across each resistance
can be found from Ohm's law:

VS=V1+V2=R1f1+R2f2=(R1+R2)f = f(=f1=f2)=

1 _
R] +R2 R] +R2
A second conclusion is that the voltage across resistors in series gets divided proportional

to the resistance of each element. The circuit analyzed is called voltage divider and the
relation for computing the voltage at the divider output, v,, is called the voltage divider rule.

V1=R1f= Vg, L) Vg .

Resistors in Parallel
The circuit in the next figure is a current source connected in parallel with two resistances.

& ]: ) Figure — Current divider;
R $R The output current v» is a part of the source

current i, that depends on the resistors ratio.
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Since the tree elements are in parallel, they must all have the same voltage across them.
The Kirchhoff current law combined with Ohm's law applied to both resistances gives:

. . . v Vv [ 1 1 J R1+R2 v
ig=n+pp=—+—=v|—+——|= V= .
R R R Ry Ry Rep
The first conclusion is that total voltage across a parallel combination of R and R, is the
same as that which occurs across a single resistance of value R,

L = i + i or Rep = ﬂ i
Rep Rl R2 Rl +R2
The currents in the resistors are:
. Vv R2 . . Rl .
n=—= 1g . I = ig.
Rl R] +R2 Rl +R2

The previous formulas indicate how the current from the source is divided between two
conducting path. For R = R the currents are equal. i1=ip=ig/2; if R} is larger than 2> more

of the current flows in k5.



This configuration of circuit is called a current divider and the relation between the output
current /5 and the input current iy represents the current divider rule.

Superposition of Independent Sources

A way of breaking up problems containing more independent sources into several smaller
problems is called “superposition”. Superposition means to determine the response of each
independent source, one at a time, assuming that all other independent sources are set to
zero (suppressed) and then sum the results to get the total response.

The superposition theorem is a consequence of the linearity of Kirchhoff laws applied to
linear circuits. Superposition can be used ONLY in LINEAR networks!

Equivalent Circuits

To a terminal pair of a linear network it is an unknown element, used to represent the fact
that we might connect many different things there. In many cases the only feature of
interest is the relation between the voltage across the terminal pair and the current that
flows through these terminals. The relation between terminal voltage and terminal current
is called a “terminal characteristic”.

Active Network Models — Thevenin and Norton Equivalent Circuits

All sources of electrical energy can be represented in terms of either voltage or current
sources. Practical sources may be modeled by a combination of an ideal source and one
or more passive circuit components. At relatively low frequencies, the passive component
is resistance. The two form of circuit models are:

- the Thévenin model — an ideal voltage source v, in series with a resistance R;,

- the Norton model — an ideal current source i, in parallel with a resistance R;.

In order to derive these models one can consider a linear resistive network, considered at
its terminals (as in the next figure). The network is linear and hence it is characterized by a
linear function at its terminals: v=a-i+b.
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Figure — Thévenin and Norton equivalent circuits for linear active networks

The Thévenin model is more convenient when the internal resistance of the source is very
small compared to external load resistance to be connected and the Norton model is more
convenient when the internal resistance is very large compared to external load resistance.
An ideal voltage source is said to have zero internal resistance and the ideal current source
is said to have infinite internal resistance.

The source models are considered independent sources, since the value of v or is does

not depend on some other circuit variable.



Controlled source models

For an ideal amplifier the output should be a constant times the input. The input and the
output of an amplifier may be either voltage or current. Thus, there are four possible
combinations of input-output control:

Voltage-controlled voltage source

Voltage-controlled current source

Current-controlled voltage source

Current-controlled current source.
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Figure — Four possible models of ideal controfled sources in electronic circuits
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Voltage-controlled voltage source

The most common combination is a voltage-controlled voltage source (VCVS). The output
voltage is:

v, = Ay,
The quantity A is the voltage gain, and it is dimensionless. This model could be used to
represent the voltage amplifier.

The VCIS output is:
I.o = gmv.i
The constant g, is the transconductance of the device and it has the units of siemens (S).

The value of the voltage at the ICVS is:
v, =R,
The constant Ry, is the transresistance of the device and it has units of ohms (Q).

The value of the output current at the ICIS is:
io = ﬁii
The constant g is the current gain and it is dimensionless. Bipolar junction transistors (BJT)

in their ideal form may be represented as ICIS. Field effect transistors (FET) may be
represented by the VCIS model.



Applications

Find the Thevenin and Norton equivalent circuit of the network at the indicated terminal
pair:
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For the 3" circuit (P3):
I. compute using KVL, KCL and Ohm’s law,
fl. compute using the superposition theorem.

P4. Find out the parameters of the current generator that gives 0.91 mA current through a
S kQ resistance and 0.98 mA current through a 1 kQ resistance.

Solutions

. v, v
Equivalent sources parameters: voc =v|,_, isc =il _,. Ry =< or Rp = —

isc il 1g=0
Notations: i1, v1 — current through R1, voltage across Ry and i», v» — R current, voltage.
P1.
1%t goal — compute Thevenin (open-circuit) voltage: 7 (that is voc=v for i=0).
Directly — voltage divider rule: 177 = vy~ = i Ve = i 10=4V.
Rl +R2 ok +4k
Detailed computing:
KVL: VS =V +Vy
Ohm's laws. v =R;-j Vo =Ry iy
Replace in KVL: Ve =Ry -ij+Ryiy
KCL for output node: =i ti, i=0 = j=iy= 8
Rl +R2
: . _ Vg Ry
Thevenin (open-circuit) voltage: 17 =vpo =vy =Ry Vs .

Rl +R2 B Rl +R2
2"4 goal — compute Norton (short-circuit) current (that is ige=/ for v=0).

3
VS_+ itRl isc

The circuit with short-circuit at the output: |
j{Rz V—E|
O
|1 10

Directly — current in R (R> voltage/current being zero): Iy =ig- = R—S == 1.67 mA.
1

Detailed computing:



% v
=2 _ =0

Ohm's law for Ro: ==
Iy Iy

ip

KCL for output node: i =iy +ige =ige

KVL: VS =V +vy =y +r=V
Ohm's law for k). 7 = A isc = s .
1y 1y
3" goal — compute Thevenin/ Norton resistance.
1. Based on vy and igc: Ry = Yoc _ 4 = 2.4kQ.
fSC 1.67m

2. The resistance seen from the output to the circuit, based
on the circuit with the independent source suppressed (I5=0);

One can see that the resistance seen from the output consists of
the two resistances (R, and R») in parallel:

RR, _ 6k-4k _ 24k
R+R, 6k+4k 10

| 4,
l

FY V-
~

V=0

J) v:;j'
()

Rr=R | Ry= =2.4kQ;

the same result that was obtained with the previous method. In most of the practical cases
there is necessary only one equivalent circuit, e.g. the Thevenin equivalent, and it is
enough to compute vy~ and Ry; in this case the second method for computing Ry is simpler
(it is not necessary to compute iy).

P2.
1%t goal — compute Norton (short -circuit) current; 7y (that is igc=i for v=0).

Directly — current divider rule:

Ry isc
. R 2k
JTN=1SC= JTS= 10m =3.33mA.
Rl +R2 2k + 4k [S #Rl o0
Detailed computing: i
KCL: ]S = 11 +j2 O
Ohm's laws:; i = - =22
R R,
KVL: W =y
Replace in KCL:  7g= L Y2, fatf - R
Ry Ry Ry R+
Ohm's laws for Ry igr =iy = Y2 _ 1 _RiRy 5= R Ig.
R2 R2 Rl +R2 Rl +R2

2"4 goal — compute Thevenin (open -circuit) voltage (that is voe=v for i=0).

Directly — voltage over R (R, voltage/current being zero):
Vi =vpe = Rilg—Ry-i=2k-10m-0=20V.

Detailed computing:
Ohm'’s law for R:
KCL:

V2=R2‘f2=R2‘f=O
JTS :f1+f2=f1+f=f1



Ohm's law for R1: v =R;-ij = R/{g.

Rr

KVL: W=m+r=0+v=vy- =Ry ,—‘—‘5%-—‘:)_:

3" goal — compute Thevenin/ Norton resistance. Open  $p !
v 20 3 !

1. Based on voe and ige: Ry =-25 == = 6kQ. !

oc e T T 3.33m S !

2. The resistance seen from the output to the circuit, based on the circuit with the
independent source suppressed (/g=0);

One can see that the resistance seen from the output consists of the two resistances (R;
and Ry) in series: Ry =Ry +Ry =2k +4k =6kQ; the same result that
was obtained with the previous method.

P3.1. We will use the currents direction through the resistors as in the next figures; the
other direction can be also selected and the current signs will reverse.

Ry i i=0 Ry i Isc

lr/G + ‘:T’_C VG + ‘[T"O
T Is 3R lvoc T Is j;Rg v=0
O 0

1% goal — compute Thevenin (open-circuit) voltage: I'7 (that is vo-=yv for i=0), on the upper
left schematics.

KCL: Ig =i +iy, n=1Ig—i,

_ VG +R11TS

KVL + Ohm's law: Vg =-Rjij+Rsin, Vg=—-Rllg+Rjir+Ryir, Iy
Rl +R2

Ohm'slaw on Ry ¥y = voe = Raip = Ry (Vg +Rs)= l(10+1m -20k)=15V.
Rl +R2 2
2"4 goal — compute Norton (short-circuit) current (that is igc=i for v=0), on the upper-right

schematics.

KCL.: IS=f1+i2+iSC=f1+fSc, jSC:IS_ili
KVL + Ohm’s law: VG = _Rlil +v= —lel, n= —I‘/R;G
1
Replace /;: z‘SC=IS+I;G=1m+10k:1.5mA.
1 Rr
. . R
3" goal — compute Thevenin/ Norton resistance. i_*l'_]—:—‘c}_:
A 4 2 |
1. Based on vy and isc: Ry = V_O—C: 15 10kQ. V=0 Is=0 $§R, !
NS 1.5m J < |
° |

2. The resistance seen from the output to the circuit,
based on the circuit with the independent source suppressed (1/;=0, [g=0),
One can see that the resistance seen from the output consists of the two resistances (R
RIRy  20k-20k
Ry +Ry 20k +20k
the same result that was obtained with the previous method.

and Rp) in parallel: Ry =Ry | Ry = =10kQ;



P3.1I. Compute with superposition theorem.
1%t goal — Thevenin (open-circuit) voltage: 77 (that is voe=v for i=0): Ve =v,+vy.

ia 1 i=0 iw K1 If@a
Vo s \: I, ‘ T \: iny,
T Open iFRZ lva ' Short Is 5FR2 %,
J O Q
a) Voltage divider rule (on upper left schematics): v, = R Ve
Rl +R2
: : _ RiR,
b) Voltage over the equivalent parallel resistance: vy =1g
Rl +R2
Superposition: vy = i Ve +1g iy R (Vg +1gR)=15V.
Rl +R2 Rl +R2 Rl +R2
2"4 goal —Norton (short-circuit) current (that is ig-=i for v=0): Iy =i, +1
1 B i K
AR Yia | Vi
T Open iERZ v=0 Short /s iERQ v=(
J o
a) Ohm’s law for Ry (on upper left schematics): iy =1y = I;—G [% =
1
b) KCL: To =iy +ing —in, =i fny =iy == =0
. ST TIpTIog =ps 2a = 12b R R ;
T A /e
Superposition: Iy =i +ip = RTJ“TS =1.5mA.

1
3" goal — compute Thevenin/ Norton resistance: as for P3/.



